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a b s t r a c t
A multipartite or c-partite tournament is an orientation of a complete c-partite graph. Lu
and Guo (submitted for publication) [3] recently introduced strong quasi-Hamiltonian-
connectivity of a multipartite tournament D as follows: For any two distinct vertices x and
y ofD, there is a pathwith at least one vertex from each partite set ofD from x to y and from
y to x. We obtain the definition for weak quasi-Hamiltonian-connectivity, where only one
of those paths, and weak quasi-Hamiltonian-set-connectivity, where only one such path
between every two distinct partite sets has to exist, in a natural way.
In this paper, we characterize weakly quasi-Hamiltonian-set-connected multipartite
tournaments which extends a result of Thomassen (1980) [6].
© 2012 Elsevier B.V. All rights reserved.
1. Introduction and terminology
A multipartite or c-partite tournament is an orientation of a complete c-partite graph. A tournament is a c-partite
tournament with exactly c vertices. Let D be a c-partite tournament. We denote by V (D) and A(D) the vertex set and arc set
of D, respectively. If xy ∈ A(D), we sometimes use the notation x → y to denote this arc. Let X and Y be two disjoint subsets
of V (D). We use X ⇒ Y to denote that there is no arc from Y to X in D.
LetX be a subset ofV (D). The subdigraph ofD induced byX is denoted byD[X]. The out-neighborhood of a vertex x ∈ V (D)
in D[X] is the set N+D[X](x) = {y ∈ X | xy ∈ A(D)} and the in-neighborhood N−D[X](x) = {y ∈ X | yx ∈ A(D)}. Instead of N+D (x)
and N−D (x), we use N+(x) and N−(x), respectively.
Let D be a c-partite tournament with partite sets V1, . . . , Vc . We define the function p : V (D)→ {1, . . . , c} as x → p(x)
if and only if x ∈ Vp(x), assigning each vertex the index of its partite set.
By a path or a cycle, we mean a directed path or a directed cycle. A path or cycle is called Hamiltonian, if it contains all
vertices of the digraph. A path from x to y is called an (x, y)-path. A strong component H of D is a maximal subdigraph such
that for any x, y ∈ V (H), there is a path from x to y inH and vice versa. If a digraph D has only one strong component, we call
it strongly connected or strong. D is called (strongly) k-connected, if |V (D)| ≥ k+ 1 and D− X is strong for any X ⊆ V (D)
with at most k− 1 vertices. A tournament D is called strongly (weakly, respectively) Hamiltonian-connected, if for any two
distinct vertices x, y ∈ V (D), there exists a Hamiltonian-path from x to y and (or, respectively) from y to x in D.
Because of their strong structure, tournaments are the best studied class of directed graphs. When considering
generalizations of tournaments, as in this case multipartite tournaments, it has always been among the first goals to show,
that the classical results for tournaments also extend to the generalized class. But we often have to adjust our definitions
for the properties we are interested in to the new surroundings or else the result will not hold. The following central result
by Moon, for example, will not hold for multipartite tournaments (see Fig. 1 for an easy counterexample).
Theorem 1.1 ([4]). Every vertex of a strong tournament with n vertices lies on a cycle of length m for each m ∈ {3, 4, . . . , n}.
∗ Corresponding author. Tel.: +49 241 8092390.
E-mail addresses: guo@mathc.rwth-aachen.de (Y. Guo), mlu@math.tsinghua.edu.cn (M. Lu), michel.surmacs@rwth-aachen.de (M. Surmacs).
0166-218X/$ – see front matter© 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.dam.2012.02.012
1562 Y. Guo et al. / Discrete Applied Mathematics 160 (2012) 1561–1566
Fig. 1. A strong but non-Hamiltonian bipartite tournament.
Fig. 2. A strong non-weakly-quasi-Hamiltonian-connected multipartite tournament.
But there are generalizations of Moon’s Theorem for multipartite tournaments. In 1994, Guo and Volkmann showed the
following.
Theorem 1.2 ([2]). Every partite set of a strongly connected c-partite (c ≥ 3) tournament D has at least one vertex that lies on
a cycle of length m for each m ∈ {3, 4, . . . , c}.
While in 1991, Goddard and Oellermann took a different approach and proved:
Theorem 1.3 ([1]). Every vertex of a strongly connected c-partite (c ≥ 3) tournament D belongs to a cycle that contains vertices
from exactly m partite sets for each m ∈ {3, 4, . . . , c}.
Whenever there are different possibilities to generalize, it is interesting to consider which one is themore natural choice,
where more or hopefully all results can be generalized in the same way. If, in this case, we take the latter theorem as
motivation to define a generalized length of a path or cycle in a multipartite tournament as the number of vertices from
different partite sets it contains, as Lu and Guo did in [3], we get the following definitions: A quasi-(k − 1)-path (quasi-
k-cycle, respectively) in a multipartite tournament is a path (cycle, respectively) which contains vertices from exactly k
different partite sets. A quasi-Hamiltonian-cycle in a c-partite tournament is a quasi-c-cycle and a quasi-Hamiltonian-path
is a quasi-(c − 1)-path.
Two distinct vertices x and y in a multipartite tournament D are called strongly (weakly, respectively) quasi-Hamiltonian-
connected, if there exists an (x, y)- and (or, respectively) a (y, x)-quasi-Hamiltonian-path in D. A multipartite tournament
D is called strongly (weakly, respectively) quasi-Hamiltonian-connected, if any two distinct vertices x, y ∈ V (D) are strongly
(weakly, respectively) quasi-Hamiltonian-connected. Note that for tournaments all these quasi definitions are equivalent to
their common counterparts.
For the concept of strong quasi-Hamiltonian connectivity inmultipartite tournaments, Lu andGuo showed the following:
Theorem 1.4 ([3]). Every strongly 4-connected multipartite tournament is strongly quasi-Hamiltonian connected.
Which is a generalization of a well known result by Thomassen:
Theorem 1.5 ([6]). Every strongly 4-connected tournament is strongly Hamiltonian connected.
In the following, we will consider weakly quasi-Hamiltonian-connected multipartite tournaments. Note at first, the
multipartite tournament in Fig. 2 is strong but not weakly quasi-Hamiltonian-connected.
Thomassen characterized weakly Hamiltonian-connected tournaments in the following theorem:
Theorem 1.6 ([6]). A tournament T with at least three vertices is weakly Hamiltonian-connected, if and only if it satisfies
(1), (2) and (3) below.
(1) T is strong.
(2) For each vertex x of T , T − x has at most two components.
(3) T  T+6 and T
−
6 , where T
+
6 := T5 + x1x2 and T−6 := T5 + x2x1.
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When trying to find a generalization of this theorem, we notice that, with the above definition of weak quasi-
Hamiltonian-connectivity, there are a multitude of exceptions, which would make an end result less appealing. Therefore,
we will adjust our definition once more to the following. A multipartite tournament D is called weakly quasi-Hamiltonian-
set-connected, if any two distinct partite sets Vi, Vj contain vertices x ∈ Vi, y ∈ Vj which are weakly quasi-Hamiltonian-
connected.
For convenience we will use the following notation. For a multipartite tournament Dwe say D{x,y} ∼= T+6 or T−6 , if x and y
are distinct vertices in V (D),D isomorphic to T+6 or T
−
6 and {x, y} are the corresponding vertices {x1, x2} in the definition of
T+6 or T
−
6 .
2. Preliminaries
To prove our main result, we give some lemmata for multipartite tournaments. We begin with an obvious one.
Lemma 2.1. Every strongly connected bipartite tournament is weakly quasi-Hamiltonian-connected.
A direct consequence from Lemma 2.1 and Theorem 1.3 is the following.
Corollary 2.2. Every vertex of a strongly connected multipartite tournament D belongs to a quasi-Hamiltonian-cycle in D.
Lemma 2.3 ([5]). Let D be a connected, non-strong c-partite tournament with partite sets V1, . . . , Vc . Then there exists a unique
decomposition of V (D) into pairwise disjoint subsets X1, . . . , Xr , where Xi is the vertex set of a strong component of D or Xi ⊆ Vl
for some l ∈ {1, . . . , c} such that Xi ⇒ Xj for 1 ≤ i < j ≤ r and there are xi ∈ Xi and xi+1 ∈ Xi+1 such that xi → xi+1 for
1 ≤ i < r.
In this situation, we define dc : V (D)→ {1, . . . , r} as v → dc(v) if and only if v ∈ Xdc(v), assigning each vertex the index
of its decomposition set.
Lemma 2.4 ([3]). Let D be a connected, non-strong c-partite tournament with partite sets V1, . . . , Vc . Let X1, . . . , Xr be the
unique decomposition of V (D) defined in Lemma 2.3. Then for any xa ∈ X1 and any xb ∈ Xr , there is an (xa, xb)-quasi-
Hamiltonian-path in D.
Corollary 2.5. Let D be a connected, non-strongmultipartite tournament. Let X1, . . . , Xr , dc : V (D)→ {1, . . . , r} be the unique
decomposition of V (D) defined in Lemma 2.3 and xa, xb ∈ V (D) two distinct vertices with dc(xa) ≤ dc(xb).
(i) If dc(xa) < dc(xb), there is an (xa, xb)-quasi-Hamiltonian-path in D[dc(xb)l=dc(xa) Xl].
(ii) For j ≤ dc(xb) there is a quasi-Hamiltonian-path in D[dc(xb)l=j Xl] from a vertex in Xj to xb.
(iii) For j ≥ dc(xa) there is a quasi-Hamiltonian-path in D[jl=dc(xa) Xl] from xa to a vertex in Xj.
Proof. By Lemma 2.4, we just need to consider the case j = dc(xb). If Xdc(xb) ⊆ Vp(xb), then xb is a quasi-Hamiltonian-path in
D[dc(xb)l=j Xl] from a vertex in Xj to xb. If D[Xdc(xb)] is strong, there is a quasi-Hamiltonian-cycle C = v1 . . . vkxbv1 in D[Xdc(xb)]
containing xb by Corollary 2.2. Then v1 . . . vkxb is a quasi-Hamiltonian-path in D[dc(xb)l=j Xl] from a vertex in Xj to xb. 
Lemma 2.6 ([3]). Let D be a strongly connectedmultipartite tournamentwith at least 4 vertices. Let x1, x2 be two distinct vertices
of D. If D−x1 and D−x2 are both strong, but D−{x1, x2} is not strong, then x1 and x2 are strongly quasi-Hamiltonian-connected.
From Lemma 2.6, we easily have the following corollary.
Corollary 2.7. Let D be a strongly connected multipartite tournament and x1, x2 two distinct vertices of D. If D− x1 and D− x2
are both strong, but D− {x1, x2} is not strong, then x1 and x2 are weakly quasi-Hamiltonian-connected.
Lemma 2.8. Let D be a strongly connectedmultipartite tournament and x1, x2 ∈ V (D) two distinct vertices. Suppose D−{x1, x2}
is strong and N+(x1) ∩ N+(x2) ≠ ∅ (or N−(x1) ∩ N−(x2) ≠ ∅). Then x1 and x2 are weakly quasi-Hamiltonian-connected.
Proof. We only consider the case that N+(x1)∩ N+(x2) ≠ ∅. Let v ∈ N+(x1)∩ N+(x2). Since D− {x1, x2} is strong, there is
a quasi-Hamiltonian-cycle C = v1 . . . vkv1 in D− {x1, x2} passing through v by Corollary 2.2. Assume, w.l.o.g. that v = vk.
Case 1. There exists an s ∈ {1, . . . , k− 1} such that vs → xi for some i ∈ {1, 2}.
Let
s = max{j|vj → xi, i ∈ {1, 2}, 1 ≤ j ≤ k− 1},
t = min{i|vi ∉ Vp(x1) ∪ Vp(x2), s+ 1 ≤ i ≤ k}.
By the choice of s and t , we have x3−i → vt and vl ∈ Vp(x1) ∪ Vp(x2) for all l ∈ {s+ 1, . . . , t − 1}. Thus, x3−ivt . . . vkv1 . . . vsxi
is an (x3−i, xi)-quasi-Hamiltonian-path.
Case 2. {x1, x2} ⇒ {v1, . . . , vk}.
Since D is strong, there exists a path P with minimal length from {v1, . . . , vk} to {x1, x2}, say P = v1y1 . . . ylx2 with
{v1, . . . , vk} ∩ {y1, . . . , yl} = ∅. Let t = min{i|vi ∉ Vp(x1) ∪ Vp(x2), 2 ≤ i ≤ k}. By the choice of t and {x1, x2} ⇒ vt , we have
x1 → vt and vl ∈ Vp(x1) ∪ Vp(x2) for all l ∈ {2, . . . , t − 1}. Thus, x1vt . . . vkP is an (x1, x2)-quasi-Hamiltonian-path. 
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Table 1
(w1, w2)-paths P depending onw1 andw2 .
w1 w2 P
= x3 ∈ Z1 = Pw2x3= x3 ∈ Z¯1 = Pvαx3 w2
∈ Z2 = x3 = Px3w1
∈ Z¯2 = x3 =w1Px3vβ
∈ Z¯1 ∩ Z2 ∈ Z1 = Px3w1Pw2x3∈ Z¯1 \Z2 ⊆ Z¯2 ∈ Z1 =w1Px3vβ Pw2x3
∈ Z¯1 ∩ Z2 ∈ Z¯1 = Px3w1Pvαx3 w2
∈ Z¯1 \Z2 ⊆ Z¯2 ∈ Z¯1 =w1Px3vβ Pvαx3 w2
∈ Z1 ⊆ Z¯2 ∈ Z1 ⊆ Z¯2
⊆ Pw2x3 , ifw1 ∈ V (Pw2x3 )= w1Px3vβ Pw2x3 , otherwise
∈ Z1 ∈ Z¯1

⊆ w1Px3vβ , ifw2 ∈ V (Px3vβ )⊆ Pvαx3 w2, ifw1 ∈ V (Pvαx3 )= w1Px3vβ Pvαx3 w2, otherwise
Lemma 2.9. Let D be a strong c-partite tournament with partite sets V1, . . . , Vc and x1, x2, x3 ∈ V (D) three pairwise distinct
vertices. Then at least two of them are weakly quasi-Hamiltonian-connected.
Proof. We will consider the following two cases.
Case 1. D− xi is not strong for some i ∈ {1, 2, 3}, say D− x3 is not strong.
If D− x3 is not connected, then D is bipartite and we are done by Lemma 2.1.
Now we suppose that D − x3 is connected. Let X1, . . . , Xr , dc : V (D) → {1, . . . , r} be the unique decomposition of
V (D− x3) defined in Lemma 2.3. W.l.o.g. assume dc(x1) ≤ dc(x2). Since D is strong, there are vertices v1 ∈ X1 and v2 ∈ Xr
with v2 → x3 → v1. If dc(x1) = 1 or dc(x2) = r , say dc(x2) = r , then x3P is an (x3, x2)-quasi-Hamiltonian path of D and
we are done, where P is a (v1, x2)-quasi-Hamiltonian path of D− x3 (by Lemma 2.4). So we will assume that dc(x1) > 1 and
dc(x2) < r .
Let Z1 = dc(x1)−1l=1 Xl, Z¯1 = (rl=dc(x1) Xl) \ {x1, x2}, Z2 = rl=dc(x2)+1 Xl and Z¯2 = (dc(x2)l=1 Xl) \ {x1, x2}. If there is an
i ∈ {1, 2}, say i = 1, such that Z¯i ∩ Vk ≠ ∅ for all k ∈ {1, . . . , c} \ {p(x3)}, then there is an (x1, v2)-quasi-Hamiltonian-path
P in D[Z¯1] by Corollary 2.5 and Px3 is an (x1, x3)-quasi-Hamiltonian-path in D.
So we can assume that there are vα ∈ Z1 and vβ ∈ Z2 such that Z¯1∩Vp(vα) = ∅ and Z¯2∩Vp(vβ ) = ∅. By the decomposition
X1, . . . , Xr , we have vα → v for all v ∈ Z¯1 and v → vβ for all v ∈ Z¯2. Since D is strong, there is an (x3, v)-path Pvx3 in
D[Z1 ∪ {x3}] for every v ∈ Z1 and a (v, x3)-path Px3v in D[Z2 ∪ {x3}] for every v ∈ Z2. Letw1 andw2 be two arbitrary distinct
vertices in D− {x1, x2}. Table 1 shows that there is a (w1, w2)-path P in D− {x1, x2}.
Thus, we have D − {x1, x2} is strong and vβ ∈ N+(x1) ∩ N+(x2). Therefore, x1 and x2 are weakly quasi-Hamiltonian-
connected by Lemma 2.8.
Case 2. D− xi is strong for all i ∈ {1, 2, 3}.
If D− {xi, xj} is not strong for 1 ≤ i < j ≤ 3, then xi and xj are weakly quasi-Hamiltonian-connected by Corollary 2.7. So
we can assume that D− {xi, xj} is strong for all 1 ≤ i < j ≤ 3.
Subcase 2.1. V (D) = Vp(x1) ∪ Vp(x2) ∪ Vp(x3).
Since D is strong and has at least two partite sets, there is an arc between two of the vertices, w.l.o.g. x1 → x2, and an
(x2, x3)-path P . If P contains x1, then P is an (x2, x3)-quasi-Hamiltonian-path in D, else x1P is an (x1, x3)-quasi-Hamiltonian-
path in D.
Subcase 2.2. There exists an x ∈ V (D) \ (Vp(x1) ∪ Vp(x2) ∪ Vp(x3)).
In this case, we have x → xi or xi → x for all 1 ≤ i ≤ 3. Therefore, we have x ∈ N+(xi) ∩ N+(xj) or x ∈ N−(xi) ∩ N−(xj)
for some 1 ≤ i < j ≤ 3. By Lemma 2.8, xi and xj are weakly quasi-Hamiltonian-connected. 
As an immediate consequence, we have the following result.
Corollary 2.10 ([6]). For any three vertices of a strong tournament, there is a Hamiltonian path connecting two of them.
3. Main results
LetD be a connected c-partite tournamentwith partite setsV1, . . . , Vc . For twodistinct partite setsVi andVj, we callVi and
Vj not weakly quasi-Hamiltonian-connected if for any vertices x ∈ Vi and y ∈ Vj, x and y are not weakly quasi-Hamiltonian-
connected. Suppose D is not strong, X1, . . . , Xr , dc : V (D) → {1, . . . , r} the unique decomposition of V (D) defined in
Lemma 2.3. Denote dc−(Vi) := min{dc(v)|v ∈ Vi} and dc+(Vi) := max{dc(v)|v ∈ Vi} for any partite set Vi of D. Now we
have our main result.
Theorem 3.1. Let D be a connected c-partite tournament with partite sets V1, . . . , Vc and Vi, Vj two distinct partite sets of D.
Assume that |Vi| ≤ |Vj|. Then Vi and Vj are not weakly quasi-Hamiltonian-connected if and only if at least one of the following
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conditions (1)–(2) holds:
(1) D is not strong, X1, . . . , Xr , dc : V (D)→ {1, . . . , r} the unique decomposition of V (D) defined in Lemma 2.3. Then at least
one of the following conditions (1.1)–(1.2) holds:
(1.1) There exists k1 ∈ {1, . . . , c} such that (dc+(Vj)l=dc−(Vi) Xl) ∩ Vk1 = ∅ and there exists k2 ∈ {1, . . . , c} such that
(
dc+(Vi)
l=dc−(Vj) Xl) ∩ Vk2 = ∅.
(1.2) dc−(Vi) = dc+(Vi) = dc−(Vj) = dc+(Vj) and Vi and Vj are not quasi-Hamiltonian-connected in D[Xdc−(Vi)].
(2) D is strong, Vi = {x1}, and at least one of the following conditions (2.1) and (2.2) holds:
(2.1) D− x1 is connected but not strong, X1, . . . , Xr , dc : V (D− x1)→ {1, . . . , r} the unique decomposition of V (D− x1)
defined in Lemma 2.3 and there exist k1, k2 ∈ {1, . . . , c}\{p(x1)}with (dc+(Vj)l=1 Xl)∩Vk1 = (rl=dc−(Vj) Xl)∩Vk2 = ∅.
(2.2) Vj = {x2} and D{x1,x2} ∼= T+6 or T−6 .
Proof. If condition (1) or (2) holds, it is easy to see that Vi and Vj are not weakly quasi-Hamiltonian-connected.
So let us now assume that Vi and Vj are not weakly quasi-Hamiltonian-connected and show that one of the conditions
above holds.
Firstly, we consider the case that D is non-strong. Let X1, . . . , Xr , dc : V (D) → {1, . . . , r} be the unique decomposition
of V (D) defined in Lemma 2.3 and dc−(Vi) ≤ dc−(Vj). If |{dc−(Vi), dc+(Vi), dc−(Vj), dc+(Vj)}| = 1, then (1.2) holds
obviously. Now we consider the case |{dc−(Vi), dc+(Vi), dc−(Vj), dc+(Vj)}| > 1. Suppose (dc+(Vj)l=dc−(Vi) Xl) ∩ Vk1 ≠ ∅ for all
k1 ∈ {1, . . . , c} or (dc+(Vi)l=dc−(Vj) Xl)∩ Vk2 ≠ ∅ for all k2 ∈ {1, . . . , c}. Then Vi and Vj are weakly quasi-Hamiltonian-connected
by Corollary 2.5, a contradiction. Thus, (1.1) holds.
Now we suppose D is strong. We will complete the proof by considering the following three cases.
Case 1. Vi = {x1} and D− x1 is non-strong.
In this case, (2.1) holds obviously.
Case 2. Vi = {x1}, Vj = {x2} and D− x1,D− x2 are strong.
From Corollary 2.7, we have that D − {x1, x2} is strong. By Lemma 2.8, x1 → v → x2 or x2 → v → x1 for all
v ∈ V (D) \ {x1, x2}. If |V (D) \ {x1, x2}| ≥ 5, then there are v1, v2, v3 ∈ V (D) \ {x1, x2} and an l ∈ {1, 2}with xl → vk → x3−l
for k = 1, 2, 3. Since D − {x1, x2} is strong, there is a quasi-Hamiltonian-path P between two vertices in {v1, v2, v3} in
D− {x1, x2} by Lemma 2.9. Hence, there is an (xi, x3−i)-quasi-Hamiltonian-path xiPx3−i in D, a contradiction. Thus, we have
|V (D) \ {x1, x2}| ≤ 4. By Corollary 2.2, we have a quasi-Hamiltonian-cycle C = v1 . . . vkv1 in D− {x1, x2}, where 3 ≤ k ≤ 4.
If k = 3, then we have, w.l.o.g., that xl → {v1, v3} → x3−l for an l ∈ {1, 2}. Thus, xlv1v2v3x3−l is a quasi-Hamiltonian-path
between Vi and Vj, a contradiction. Therefore, k = 4. It is not difficult to show that v1, . . . , v4 are from pairwise distinct
partite sets and D{x1,x2} ∼= T+6 or T−6 .
Case 3. 2 ≤ |Vi| ≤ |Vj| or |Vi| = 1, |Vj| ≥ 2 but D− V1 is strong.
Let x1 ∈ Vi. We firstly show that for any y ∈ Vj,D− y is strong. If there exists a y1 ∈ Vj, such that D− y1 is non-strong, let
X1, . . . , Xr , dc : V (D− y1)→ {1, . . . , r} be the unique decomposition of V (D− y1) defined in Lemma 2.3. Since D is strong,
there exist vα ∈ X1 and vβ ∈ Xr with y1 → vα and vβ → y1. If X1∩Vi ≠ ∅ or Xr∩Vi ≠ ∅, say X1∩Vi ≠ ∅ and x1 ∈ X1∩Vi, then
there is an (x1, vβ)-quasi-Hamiltonian-path P in D− y1 by Corollary 2.5. Thus, we have an (x1, y1)-quasi-Hamiltonian-path
Py1 in D, a contradiction. Hence, (X1 ∪ Xr) ∩ Vi = ∅. Let y2 ∈ Vj \ {y1}. Assume, w.l.o.g., that dc(x1) ≤ dc(y2).
Suppose dc(x1) < dc(y2). Since (X1 ∪ Xr) ∩ Vi = ∅ and D − y1 is non-strong, D − {y1, y2} is connected but non-strong.
Let Y1, . . . , Ys, dc∗ : V (D − {y1, y2}) → {1, . . . , s} be the unique decomposition of V (D − {y1, y2}) defined in Lemma 2.3.
From the decomposition of V (D− y1), it is easy to see that Yl = Xl ⇒ y2 for all 1 ≤ l ≤ dc(x1)− 1 = dc∗(x1)− 1.
If dc∗(vβ) = s, then we have an (x1, vβ)-quasi-Hamiltonian-path P1 in D[(sl=dc∗(x1) Yl)] and a (vα, v)-quasi-
Hamiltonian-path P2 in D[(dc∗(x1)−1l=1 Yl)] for a v ∈ Ydc∗(x1)−1 from Corollary 2.5. Therefore, P1y1P2y2 (if the last vertex
of P2 is from Vj, delete it) is an (x1, y2)-quasi-Hamiltonian-path in D, a contradiction.
If dc∗(vβ) < s, then there exists a vγ ∈ Ys with vγ → y1 or vγ → y2, w.l.o.g. vγ → y2 (otherwise, see the case
dc∗(vβ) = s) by D being strong. From Corollary 2.5, there is an (x1, vβ)-quasi-Hamiltonian-path P1 in D[(dc∗(vβ )l=dc∗(x1) Yl)],
a (vα, v)-quasi-Hamiltonian-path P2 in D[(dc∗(x1)−1l=1 Yl)] for a v ∈ Ydc∗(x1)−1 and a (v˜, vγ )-quasi-Hamiltonian-path P3 in
D[(sl=dc∗(vβ )+1 Yl)] for a v˜ ∈ Ydc∗(vβ )+1. Therefore, P1y1P2P3y2 (if v and v˜ are from the same partite set, delete v) is an
(x1, y2)-quasi-Hamiltonian-path in D, a contradiction.
Hence, dc(x1) = dc(y2). By Lemma 2.9, there is a (y1, y2)-quasi-Hamiltonian-path or a (y2, y1)-quasi-Hamiltonian-
path, say a (y1, y2)-quasi-Hamiltonian-path in D. Since dc(x1) = dc(y2), we have (dc(x1)l=1 Xl) ∩ Vk ≠ ∅ for all k ∈
{1, . . . , c}\{p(y1)} and therefore, every quasi-Hamiltonian-path inD[dc(x1)l=1 Xl] is a quasi-Hamiltonian-path inD−y1. From
Corollary 2.5(i), we have a (vα, x1)-quasi-Hamiltonian-path P in D[dc(x1)l=1 Xl]. Hence, y1P is a (y1, x1)-quasi-Hamiltonian-
path in D, a contradiction.
Therefore,D−y is strong for all y ∈ Vj. Suppose there is a subset S ⊆ Vj, say S = {y1, . . . , ys}, such thatD−S is not strong
but D − S ′ is strong for any S ′ ( S. Let D′ = D − {y1, . . . , ys−1}. Then D′ is strong but D′ − {ys} is non-strong. By the same
argument as above, we have that Vi and Vj are weakly quasi-Hamiltonian-connected in D′ (and then in D), a contradiction.
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Hence, D− S is strong for all S ⊆ Vj. Analogously to the proof above, we get D− S is strong for all S ⊆ Vi if |Vi| > 1. Let
Vi = {x1, . . . , xl} and Vj = {y1, . . . , ys}, where l ≥ 1 and s ≥ 2. Denote D′ = D[(V (D) \ (Vi ∪ Vj)) ∪ {x, y}], where x ∈ Vi
and y ∈ Vj. Then D′,D′ − x and D′ − y are strong. By the proof of Case 2, we have D′{x,y} ∼= T+6 or T−6 . Particularly, we have
D′{x1,y1}
∼= T+6 or T−6 and D′{x1,y2} ∼= T+6 or T−6 . If x1 → y1, then x1y1v2v3v4v1y2, or else y2v2v3v4v1y1x1 is a quasi-Hamiltonian-
path between Vi and Vj, a contradiction. 
From Theorem 3.1, we have the following corollary.
Corollary 3.2 ([6]). Let T be a tournament and x1, x2 distinct vertices of T . Then T has a Hamiltonian path from x1 to x2 or from
x2 to x1 unless one condition of (1)–(3) below is satisfied, in which case T has no Hamiltonian path connecting x1 and x2.
(1) T is not strong and either the initial or the terminal component of T (or both) contains none of x1, x2.
(2) T is strong, T − xi is not strong for i ∈ {1, 2}, and x3−i belongs to neither the initial nor the terminal component of T − xi.
(3) T{x1,x2} ∼= T+6 or T−6 .
A direct consequence of Theorem 3.1 is the following theorem, which characterizes weakly quasi-Hamiltonian-set-
connected multipartite tournaments.
Theorem 3.3. Let D be a connected c-partite tournament with partite sets V1, . . . , Vc . Then D is weakly quasi-Hamiltonian-set-
connected if and only if at least one of the following conditions (1)–(2) holds:
(1) D is not strong, X1, . . . , Xr , dc : V (D) → {1, . . . , r} the unique decomposition of V (D) defined in Lemma 2.3 and both of
the following conditions (1.1)–(1.2) hold:
(1.1) For all i ≠ j, k ∈ {1, . . . , c}, we have (dc+(Vj)l=dc−(Vi) Xl) ∩ Vk ≠ ∅ or (dc+(Vi)l=dc−(Vj) Xl) ∩ Vk ≠ ∅.
(1.2) If dc−(Vi) = dc+(Vi) = dc−(Vj) = dc+(Vj), then Vi and Vj are weakly quasi-Hamiltonian-connected in D[Xdc−(Vi)].
(2) D is strong and both of the following conditions (2.1) and (2.2) hold:
(2.1) If Vi = {x1} andD−x1 connected but not strong, X1, . . . , Xr , dc : V (D−x1)→ {1, . . . , r} the unique decomposition of
V (D−x1) defined in Lemma 2.3, then for all j ∈ {1, . . . , c}\{i}wehave (dc+(Vj)l=1 Xl)∩Vk ≠ ∅ for all k ∈ {1, . . . , c}\{i}
or (
r
l=dc−(Vj) Xl) ∩ Vk ≠ ∅ for all k ∈ {1, . . . , c} \ {i}.
(2.2) D  T+6 or T
−
6 .
Note that Theorem 3.3 is a generalization of the corresponding Theorem of Thomassen for tournaments (see Theorem 1.6
before) to multipartite tournaments.
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